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The role and properties of the division operator are well known in the framework of queries
addressed to regular relational databases. However, Boolean queries may turn out to be too restric-
tive to answer some user needs and it is desirable to consider extended queries by introducing pref-
erences inside selection conditions. In this paper, the extension of the division operator is
investigated in the context of graded relations, i.e., whose tuples are weighted. Several interpretations
of the division are possible and they mainly depend on the roles of the grades attached to tuples of
input relations. Their properties are examined in the perspective of a characterization of the result
obtained as a quotient, similarly to that obtained for the division of two integers.
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The database domain is an important ﬁeld of research and development and many
works aim at enriching database management systems (DBMSs) capabilities. The context
of the research reported in this paper is the expression of ﬂexible queries, i.e., where pref-
erences intervene in selection conditions instead of Boolean predicates. This view is illus-
trated by the query: ‘‘ﬁnd the aﬀordable restaurants located close to the seashore’’. In such0888-613X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
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512 P. Bosc et al. / Internat. J. Approx. Reason. 45 (2007) 511–530a situation, discrimination among restaurants has to take into account both the price of
the menu(s) and the location of the restaurants (and optionally levels of importance
attached to each of these two criteria).
Several works devoted to the expression and the interpretation of fuzzy queries in the rela-
tional framework [4] have been undertaken (in particular [1,9,11]). Selection, projection,
Cartesian product, join as well as set-oriented operations have been studied in order to take
into account levels of preference. On the contrary, the division operation has not been so
much investigated [2,3,5,7,8,10,12,13]. These diﬀerent extensions have various motivations
and contexts, in particular depending on the nature of the relations involved and the mean-
ing of degrees associated with tuples. In [2,3,5,7,10,13], fuzzy relations (i.e., relations whose
tuples are assigned a weight expressing their compliance with a given fuzzy concept) are con-
sidered with diﬀerent deﬁnitions of the division. In [8], a special attention is paid to the case
where the degrees attached to the tuples are imprecisely known,while in [12], the authors deal
with relations where attributes may be imprecise (represented as possibility distributions)
and tuples are weighted by degrees of possibility. Last, let us mention that in [8,13], the
authors consider the case where the universal quantiﬁer involved in the division operation
is weakened into ‘‘most’’, which comes down to make a kind of approximate division.
In the remainder of this paper, the division of fuzzy relations in the sense of relations
whose tuples are weighted, is investigated. The principal objective is to discuss the prop-
erties of the result delivered by a division operation. Indeed, this result depends on the
approach adopted for the extension of the division as it is mentioned in the works reported
in [2,3,7]. One would like to determine if the result obtained is a quotient in the sense of the
double property which holds when the division of two integers is performed, i.e., the larg-
est integer whose product with the divisor remains lower than (or equal to) the dividend.
As it will be recalled later, an analogous property is valid for the division of regular rela-
tions which delivers a relation which is the largest one whose Cartesian product with the
divisor relation is included in the dividend relation. The key point behind this work is of a
semantic nature, because a negative answer in the case of a division of fuzzy relations
would mean that the term division is not quite appropriate.
The rest of the paper is organized as follows. In Section 2, the deﬁnition of the division
of regular relations is recalled as well as the two characteristic properties of a quotient. The
principle for adapting the division to fuzzy relations, which relies on the notion of a degree
of inclusion (instead of a usual Boolean inclusion) is described in Section 3. The next sec-
tion is devoted to the study of the division of fuzzy relations in a logical framework, i.e.,
the degree of inclusion is based on fuzzy implications, while Section 5 concerns a cardinal-
ity-based approach for deﬁning the degree of inclusion. In Section 6, the meaning of the
divisions delivering a quotient is addressed. Finally, Section 7 concludes the paper in
two respects: the major results obtained are recalled and some perspectives for future
works are outlined.2. Some reminders about the division
The relational division, i.e., the division of relation r whose schema is R(A,X) by rela-
tion s whose schema is S(B) where A and B are compatible sets of attributes (i.e., deﬁned
on the same domains of values) is deﬁned as:
divðr; s;A;BÞ ¼ fxjðx 2 domðX ÞÞ ^ ðs  KrðxÞÞg ð1Þ
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division of r by s if and only if it is associated in r with at least all the values a appearing
in s. The justiﬁcation of the term ‘‘division’’ assigned to this operation relies on the fact
that a property similar to that of the quotient of integers holds. Indeed, the resulting rela-
tion t obtained with expression (1) has the double characteristic of a quotient:
prodðs; tÞ  r ð2aÞ
8t1; ðt1  tÞ ) ðprodðs; t1Þ 6 rÞ ð2bÞ
prod(s, t) being the Cartesian product of the two relations s and t.
Proof
Case 1. Neither the result of the division, nor the divisor relation is empty. Let x be an
element of t and let a be an element of s. Let us suppose that <x,a> does not
belong to r, then x would not be associated with all the values of s and it would
not be in the result of the division of r by s, hence inclusion (2a) holds. Now, let us
consider relation t1 = t[{y} (y 62 t). The Cartesian product of t1 and s contains a
tuple <y,b> which does not belong to r, otherwise y would be associated with any
value a of s and it would have been in t. It follows that property (2b) holds.
Case 2. The result of the division is empty but the divisor is not empty. Property (2a) holds
since the Cartesian product of t and s is empty and then included in any relation.
No element x is associated with all the elements of s and if y is added to t, property
(2b) does not hold since the Cartesian product of {y} with s involves elements
which are not in r.
Case 3. The divisor s is empty. The solution returned by (1) is the (possibly inﬁnite) set of
the values in the domain of X. Properties (2a) and (2b) are both satisﬁed since the
Cartesian product of t and s is empty and t cannot be augmented. hRemark. When the divisor is empty, the theoretical solution of the division is the entire
domain ofX. In practice, such a solution cannot be computed since the domains of the attri-
butes are not represented (and are thus unknown) in database systems. To overcome this
problem, a solution is to adapt the deﬁnition of the division by constraining the possible ele-
ments of the result to belong to the dividend relation. So, the practical computation of the
result canbe performed even if the divisor is empty and the deﬁnition of the divisionbecomes:
divðr; s;A;BÞ ¼ fxjðx 2 projðr;X ÞÞ ^ ðs  KrðxÞÞg ð3Þ
where proj(r,X) stands for the projection of relation r over attribute X deﬁned as
projðr;X Þ ¼ fxj9t ^ ðt 2 rÞ ^ ðt  X ¼ xÞg ð4Þ
The characterization of a quotient is changed into:
8x; ðx 2 tÞ ) ðprodðs; fxgÞÞ  rÞ ð5aÞ
8t1; ðt1 ¼ t [ fxgÞ ^ ðx 2 projðr;X ÞÞ ) ðprodðs; fxgÞ 6 rÞÞ: ð5bÞ
Expressions (5a) and (5b) express the fact that the relation t resulting from the division is a
quotient, i.e., the largest relation whose Cartesian product with the divisor returns a result
smaller than or equal to the dividend (according to regular set inclusion).
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respective schemas O(np, store, qty) and P(np, price). Tuples <n, s,q> of o and <n,pr> of p
state that the product whose number is n has been ordered to store s in quantity q and that its
price is pr. The query aiming at retrieving the stores which have been ordered all the products
priced under $127 in a quantity greater than 35, can be expressed thanks to a division as
divðo-g35; p-u127; fnpg; fnpgÞ
where relation o-g35 corresponds to pairs (n, s) such that product n has been ordered to
store s in a quantity over 35 and relation p-u127 gathers products whose price is under
$127. From the following extensions of relations o and p:o np Store qty
15 32 50
12 32 68
34 32 49
26 32 78
26 7 120
78 7 30
46 7 65
12 7 96
p np Price
15 102
4 200
12 87
26 59
78 345
34 258
46 175the relations o-g35 and p-u127 obtained areo-g35 np Store
15 32
12 32
34 32
26 32
26 7
46 7
12 7
p-u127 np
15
12
26
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store 7 is not associated with product 15. This result satisﬁes expressions (2a) and (2b),
or alternatively (5a) and (5b) since:
p-u127 f32g ¼ f< 15; 32 >;< 12; 32 >;< 26; 32 >g
is (here strictly) included in o-g35 and any element different from {32} would not satisfy
the inclusion.3. Approaches to the division of fuzzy relations
3.1. Fuzzy queries and fuzzy relations
The context considered now is that of ﬂexible queries where conditions call on prefer-
ences instead of Boolean criteria. The answer to such a query is made of a set of elements
rank-ordered according to their compliance with the preferences. From now on, predicates
of ﬂexible queries are assumed to be modeled by fuzzy sets [1] and fuzzy relations are used
instead of regular ones.
Formally, a fuzzy relation is deﬁned as a fuzzy subset of the Cartesian product of
domains of values. Hence, a fuzzy relation r whose schema is R(A,B,C) is made of a
set of weighted triples denoted by lr (t)/t, where t = <a,b,c> and lr(t) stands for the mem-
bership degree of t in relation r, i.e., its compatibility with the fuzzy concept associated
with this relation. It is worth noticing that a regular relation is just a special case of a fuzzy
relation where the degree attached to every tuple equals 1.
A ﬂexible query is made of operations applying to fuzzy relations whose result is also a
fuzzy relation. Such operations are obtained through a natural extension of the usual alge-
braic operators (unary and binary) and the most common are presented hereafter. The
usual selection of relation r by means of the Boolean condition ‘‘cond’’ deﬁned as:
selðr; condÞ ¼ ftjðt 2 rÞ ^ condðtÞg
is extended to a fuzzy relation r and a fuzzy condition f-cond by
lselðr;fcondÞðtÞ ¼ >ðlrðtÞ; lfcondðtÞÞ
where > stands for a triangular norm intended for generalizing the conjunction. Examples
of triangular norms are the minimum and the product. Each norm > is associated with a
co-norm ? generalizing the disjunction. Each pair of norm and co-norm is linked by the
following law:
? ða; bÞ ¼ 1>ð1 a; 1 bÞ
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(respectively product) is the maximum (respectively the sum minus the product). The pro-
jection of relation r, whose schema is R(X), onto the subset of attributes Y of X deﬁned by
formula (4) is extended to a fuzzy relation r by
lprojðr;Y ÞðyÞ ¼ supt2suppðrÞjt:Y¼ylrðtÞ
where supp(r) denotes the support of the relation r, i.e., the regular relation deﬁned as
suppðrÞ ¼ ftjlrðtÞ > 0g:
Set-oriented operations of union, intersection, diﬀerence and Cartesian product which are
based on conjunctions and/or disjunctions are straightforwardly extended to fuzzy rela-
tions. Let us notice that the latter serves as a basis for the join operation and that its input
relations may have diﬀerent schemas. These four operations are deﬁned as follows:
lunionðr;sÞðtÞ ¼? ðlrðtÞ; lsðtÞÞ
lintersectionðr;sÞðtÞ ¼ >ðlrðtÞ; lsðtÞÞ ð6Þ
ldifferenceðr;sÞðtÞ ¼ >ðlrðtÞ; 1 lsðtÞÞ
lprodðr;sÞðuvÞ ¼ >ðlrðuÞ; lsðvÞÞ ð7Þ
where > (respectively ?) denotes a norm (respectively a co-norm).
3.2. Principle for extending the division
By analogy with a query calling on a division such as that of Example 1, one may envis-
age the query aiming at the determination of the extent to which any store has been
ordered all the fairly cheap products in a high quantity, which is expressed thanks to a divi-
sion of fuzzy relations, namely:
divðhq-o; fcp-p; fnpg; fnpgÞ
where the degree attached to any tuple of hq-o (respectively fcp-p) expresses the compat-
ibility of the quantity (respectively price) with high (respectively fairly cheap).
The extension of the division to fuzzy relations is based on the adaptation of formula
(3) where:
• the regular inclusion is replaced by a fuzzy one (i.e., a degree of inclusion),
• the expression of the restriction of the calculus to the values present in the dividend
accounts for the fact that the divisor is a fuzzy relation.
This yields:
8x 2 projðsuppðr;X ÞÞ; ldivðr;s;A;BÞðxÞ ¼ degðs  KrðxÞÞ ð8Þ
where proj(supp(r,X)) represents the domain of X restricted to those values appearing in
the dividend (relation r) and Kr(x) is deﬁned as
KrðxÞ ¼ fl=ajl= < x; a >2 rg:
Several types of degrees of inclusion exist depending on the approach adopted. The logical
one is based on:
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where U is the underlying referential. This leads to:
degðE  F Þ ¼ minxlEðxÞ)flF ðxÞ ð9Þ
where )f is a fuzzy implication. Another one is founded on cardinalities of (ﬁnite) fuzzy
sets, namely:
E  F () cardðE \ F Þ ¼ cardðEÞ
which leads to a degree of inclusion expressing a ratio of cardinalities:
degðE  F Þ ¼ cardðE \ F Þ=cardðEÞ ð10Þ
Last, a third approach relies on the set diﬀerence operation:
E  F () ðE  F Þ ¼ ;
which is extended to:
degðE  F Þ ¼ 1 hðE  F Þ ð11Þ
where h(G) denotes the height of the fuzzy set G, i.e., the highest degree of membership
attached to its elements.
3.3. Characterizing the result of the extended division
Assessing the fact that the result t of the extended division is a quotient entails an adap-
tation of the double characterization conveyed by formulas (5a) and (5b) in order to take
into account that fuzzy relations come into play, which yields:
8x; ðx 2 projðsuppðrÞ;X Þ ^ ltðxÞ ¼ dÞ ) ðprodðs; fd= < x >gÞÞ  r ð12aÞ
8x; ðx 2 projðsuppðrÞ;X Þ ^ ltðxÞ ¼ dÞ ) ð8d1 > d; prodðs; fd1= < x >gÞ 6 rÞ: ð12bÞ
It is then necessary to specify the Cartesian product of fuzzy relations as well as the inclu-
sion used in the previous two expressions. As it will be seen, it is of interest to consider a
generalized version of the Cartesian product where the conjunction used in formula (7) is
not restricted to triangular norms, which leads to:
lprodðr;sÞðuvÞ ¼ cnjðlrðuÞ; lsðvÞÞ;
where cnj denotes an extended conjunction operator. As to the inclusion, it is based on the
crisp inclusion of fuzzy sets deﬁned by Zadeh, i.e.:
E  F () 8x 2 U; lEðxÞ 6 lF ðxÞ: ð13Þ
In the next two sections, the properties of the result of an extended division are studied in
terms of satisfaction of properties (12a) and (12b) depending on the deﬁnition retained for
the division of fuzzy relations, i.e., the underlying inclusion (formulas (9)–(11)).
4. A logical view of the division of fuzzy relations
In this section, the extension of the division is studied when fuzzy implications come
into play. After some reminders about fuzzy implications in general, the focus is put on
the use of R-implications and S-implications for the division of fuzzy relations. Some
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angular norms and a family of non-commutative conjunctions) are pointed out. This
serves as a basis for showing that the division built with the considered fuzzy implications
returns a quotient. Then, the relationship existing between the logical and diﬀerence-based
approaches is addressed. Last, the division of fuzzy relations with various R and S impli-
cations is illustrated with a special attention to the fulﬁllment of properties (12a) and
(12b).
4.1. Some reminders on fuzzy implications
Fuzzy implications can be classiﬁed in two main families satisfying a number of axioms,
in particular:
• the decreasing (respectively increasing) monotony with respect to the ﬁrst (respectively
second) argument,
• (0)fa) = 1,
• (a)f1) = 1,
• (1)fa) = a).
The last three axioms guarantee that any such implication generalizes the regular implica-
tion, i.e., that a)fb returns the same result as the regular implication when the antecedent
and the conclusion parts take only the values 0 and 1.
An R-implication, denoted by )Ri, is deﬁned as
p)Riq ¼ supfu 2 ½0; 1j>ðp; uÞ 6 qg ð14Þ
where > stands for a continuous triangular norm. Any R-implication may be rewritten:
p)Riq ¼
1 if p 6 q
f ðp; qÞ otherwise

where f(p,q) expresses a partial satisfaction (a value less than 1) when the threshold p is not
reached by the conclusion part q. The minimal element of R-implications is
Go¨del implication:
p)G€oq ¼
1 if p 6 q
q otherwise

which is obtained by choosing >(a,b) = min(a,b) in formula (14). It is worth noticing that
this implication is purely ordinal since it calls only on the comparison between values.
Other representatives of R-implications are Goguen implication:
p)Ggq ¼
1 if p 6 q
q=p otherwise

obtained with >(a,b) = a · b in formula (14) and Lukasiewicz implication:
p)Luq ¼
1 if p 6 q
1 p þ q otherwise

obtained with >(a,b) = max(a + b1,0).
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p ) q ¼ ððnot pÞ or qÞ
where p and q are Boolean truth values, is also extended by the family of S-implications,
denoted by )Si, as follows:
p)Siq ¼? ð1 p; qÞ ¼ 1>ðp; 1 qÞ ð15Þ
where p and q take their values in the unit interval [0,1]. The most common representatives
of this family are Kleene–Dienes implication (minimal element of the family):
p)KDq ¼ maxð1 p; qÞ;
Reichenbach implication:
p)Rbq ¼ 1 p þ pq;
as well as Lukasiewicz implication:
p)Luq ¼ minð1; 1 p þ qÞ
obtained with >(a,b) = min(a,b), >(a,b) = ab and >(a,b) = max(a + b1,0) respectively
in formula (15). Let us notice that Lukasiewicz implication is both an R and an S
implication.
4.2. Using R and S implications in the division of fuzzy relations
The connection between R-implications (denoted by )Ri) and conjunctions is due to
the very deﬁnition of an R-implication. Combining expression (8) and the choice of an R-
implication in (9), the following deﬁnition of the division of fuzzy relations is obtained:
8x 2 projðsuppðr;X ÞÞ; ldivðr;s;A;BÞðxÞ ¼ d ¼ inf sðlsðaÞ)Rilrða; xÞÞ: ð16Þ
Due to the deﬁnition of an R-implication (formula (14)), the result delivered by expression
(16) is clearly a quotient. Indeed, let us denote by b one of the values of s for which d is
obtained, i.e.:
d ¼ ðlsðbÞ)Rilrðb; xÞÞ
One has:
8a 2 suppðsÞ;>ðlsðaÞ; dÞ 6 lrða; xÞ;
8d1 > d;>ðlsðbÞ; d1Þ > lrðb; xÞ
where > is the norm used to generate the considered R-implication. Since this is true for
any x of the dividend, this ensures that the result of the division delivered by formula (16)
satisﬁes properties (12a) and (12b).
On the other hand, it is clear that formulas (15) and (14) diﬀer signiﬁcantly. Conse-
quently, one cannot expect that formulas (12a) and (12b) hold with a Cartesian product
based on the triangular norm used in expression (15) as it is illustrated in the following
example.
Example 2. Let us consider the following two fuzzy relations r and s whose respective
schemas are R(A,X) and S(B):
r A X l
a1 x 1
a2 x 0.8
s B l
a1 1
a2 0.5
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ltðxÞ ¼ minð1)KD1; 0:5)KD0:8Þ ¼ minð1; 0:8Þ ¼ 0:8:
The Cartesian product of t and the divisor s using the largest norm (the minimum) yields:
f0:8= < a1; x >; 0:5= < a2; x >g
which is included in the dividend (r), but t is not maximal. In effect, the Cartesian product
of t 0 = 1/ <x> with s using the minimum, namely {1/<a1,x>, 0.5/<a2,x>} is also included
in r. The same occurs if Reichenbach implication is used instead of Kleene–Dienes. In that
case, the result of the division is t = {0.9/<x>}. The Cartesian product of t with s using the
minimum:
f0:9= < a1; x >; 0:5= < a2; x >g
is included in r, but once again not maximal.
These two situations illustrate the fact that, whatever the norm used, the result of the
division using those two S-implications may not be maximal.
Nevertheless, it has been shown in [6] that any S-implication generated by a continuous
norm (in the sense of formula (15)) can be rewritten as
p)Siq ¼ supfu 2 ½0; 1jnccðp; uÞ 6 qg ð17Þ
where ncc(a,b) is a non-commutative conjunction deﬁned as
nccða; bÞ ¼ 1 ða)Rið1 bÞÞ ð18Þ
where the underlying R-implication is the one generated by the norm associated with the
S-implication (according to formula (15)). More precisely, any such non-commutative
conjunction has the following properties:
• it coincides with the usual conjunction when a and b are the usual truth values (repre-
sented by 0 and 1),
• it is non-commutative,
• 1 is its left-hand side neutral element,
• it is monotonically increasing with respect to both arguments.
Example 3. Kleene–Dienes implication can be written:p)KDq ¼ 1minðp; 1 qÞ ¼ supfu 2 ½0; 1jncc1ðp; uÞ 6 qg where ncc1ða; bÞ
¼ 1 ða)G€oð1 bÞÞ ¼ 0 if ðaþ bÞ 6 1;b otherwise

Similarly, for Reichenbach implication, one has:
p)Rbq ¼ 1 pð1 qÞ ¼ supfu 2 ½0; 1jncc2ðp; uÞ 6 qg with ncc2ða; bÞ
¼ 1 ða)Ggð1 bÞÞ ¼ 0 ifðaþ bÞ 6 1;ðaþ b 1Þ=a otherwise:

For Lukasiewicz implication, the non-commutative conjunction operator turns out to be a
norm, since, as mentioned previously, this particular implication is also an R-implication.
More precisely, one has:
p)Luq ¼ minð1; 1 p þ qÞ ¼ supfu 2 ½0; 1jncc3ðp; uÞ 6 qg
with ncc3ða; bÞ
¼ 1 ða)Luð1 bÞÞ ¼ maxð0; aþ b 1Þ which is indeed a triangular norm:
Last, let us mention that no such operator exists for the maximal S-implication generated
by the minimal norm:
>mða; bÞ ¼
a if b ¼ 1
b if a ¼ 1
0 otherwise

which is not continuous.
It is then obvious that if one uses the appropriate non-commutative conjunction oper-
ator (in the sense of expression (18)) for the Cartesian product, formulas (12a) and (12b)
hold, which means that the result delivered by the division based on S-implications is a
quotient. It is worth noticing that the order of the arguments of the Cartesian product
matters (the divisor is the ﬁrst operand and the result of the division the second one).
Remark. It should be noticed that the semantics of inclusion conveyed by S-implications
(in general) is not compatible with the intuitive view according to which deg(E  F) equals
1 when E is included in F in Zadeh’s sense (formula (13)). For example, with Kleene–
Dienes and Reichenbach implications, 1 is obtained if and only if the support of E
(elements having a strictly positive degree of membership in E) is included in the core of F
(elements whose membership degree in F is 1), which is much more demanding than the
conventional set inclusion based on formula (13).
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Let us come back to the use of the degree of inclusion based on formula (11) for per-
forming the division of two fuzzy relations as speciﬁed in formula (8). One has:
8x 2 projðsuppðr;X ÞÞ; ldivðr;s;A;BÞðxÞ ¼ degðs  KrðxÞÞ ¼ 1 hðs KrðxÞÞ
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8x 2 projðsuppðr;X ÞÞ; ldivðr;s;A;BÞðxÞ ¼ 1maxa2suppðsÞ>ðlsðaÞ; 1 lKrðxÞðaÞÞ
¼ mina2suppðsÞ1>ðlsðaÞ; 1 lKrðxÞðaÞÞ:
On the other hand, from formulas (8), (9) and (15), the generic deﬁnition of the division
based on an S-implication is:
8x 2 projðsuppðr;X ÞÞ; ldivðr;s;A;BÞðxÞ ¼ degðs  KrðxÞÞ ¼ mina2suppðsÞlsðaÞ)SilKrðxÞðaÞ
¼ mina2suppðsÞ1>ðlsðaÞ; 1 lKrðxÞðaÞÞ:
This proves that the logical approach based on S-implications captures also the semantics
of a degree of inclusion built from the standard diﬀerence between fuzzy sets according to
formulas (6) and (11).
Example 4. Let us take the two fuzzy sets:
E ¼ f1=a1; 0:6=a2; 0:3=a3g; F ¼ f0:7=a1; 0:4=a2; 1=a3g:
The degree of inclusion of E in F using Kleene–Dienes implication in formula (9) is:
degðE  F Þ ¼ minð1)KD0:7; 0:6)KD0:4; 0:3)KD1Þ ¼ minð0:7; 0:4; 1Þ ¼ 0:4:
On the other hand, the diﬀerence of E and F with the norm minimum in formula (6) is:
E  F ¼ f0:3=a1; 0:6=a2g
and
hðE  F Þ ¼ 0:6
which equals 1 minus the preceding degree of inclusion (0.4).
The same happens with Reichenbach implication for which the degree of inclusion
is:
degðE  F Þ ¼ minð1)Rb0:7; 0:6)Rb0:4; 0:3)Rb1Þ ¼ minð0:7; 0:64; 1Þ ¼ 0:64
and the diﬀerence based on the corresponding norm (the product) is:
E  F ¼ f0:3=a1; 0:36=a2g
and
hðE  F Þ ¼ 0:36 ¼ 1 0:64:Finally, it appears that the division of fuzzy relations based on any R-implication
(respectively S-implication) generated by a continuous norm, delivers a quotient provided
that the Cartesian product involved in the characterization makes use of the norm which
serves for generating the R-implication through formula (14) (respectively the non-com-
mutative conjunction associated with this S-implication via formula (17)).4.4. Illustrations
Let us consider the following two fuzzy relations r and s whose respective schemas are
R(A, X) and S(B):
r A X l
a1 x 0.7
a2 x 0.4
a3 x 1
a1 y 1
a2 y 0.6
a3 y 0.2
s B l
a1 1
a2 0.5
a3 0.3
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implications. With Go¨del implication, it yields:
ltðxÞ ¼ minð1)G€o0:7; 0:5)G€o0:4; 0:3)G€o1Þ ¼ 0:4
ltðyÞ ¼ minð1)G€o1; 0:5)G€o0:6; 0:3)G€o0:2Þ ¼ 0:2:
When performing the Cartesian product of s and t with the norm ‘‘minimum’’, one gets the
relation:
f0:4= < a1; x >; 0:4= < a2; x >; 0:3= < a3; x >; 0:2= < a1; y >; 0:2= < a2; y >; 0:2=
< a3; y >g
which is strictly included in r (formula (12a) holds). It is easy to check that formula (12b)
holds as well, because of the presence of the tuples <a2,x> and <a3,y> whose grades
equal those they have in r.
If Goguen implication is used, the result of the division is:
ltðxÞ ¼ minGg0:7; 0:5)Gg0:4; 0:3)Gg1Þ ¼ 0:7
ltðyÞ ¼ minð1)Gg1; 0:5)Gg0:6; 0:3)Gg0:2Þ ¼ 2=3 	 0:67:
If the Cartesian product of s and t is performed with the norm ‘‘product’’, one gets the
relation:
f0:7= < a1; x >; 0:35= < a2; x >; 0:21= < a3; x >; 0:67= < a1; y >; 0:33= < a2; y >;
0:2= < a3; y >g
which is strictly included in r. Here again, it is easy to check that the result of the division is
maximal. Then, formulas (12a) and (12b) hold.
524 P. Bosc et al. / Internat. J. Approx. Reason. 45 (2007) 511–530Similarly, with Kleene–Dienes implication, the result t of the division of r by s is:
ltðxÞ ¼ min)KD0:7; 0:5)KD0:4; 0:3)KD1Þ ¼ 0:5
ltðyÞ ¼ minð1)KD1; 0:5)KD0:6; 0:3)KD0:2Þ ¼ 0:6:
When performing the Cartesian product of s and t with the appropriate non-commutative
conjunction (ncc1), one gets:
f0:5= < a1; x >; 0:6= < a1; y >; 0:6= < a2; y >g
which is strictly included in r. Relation t is maximal because if 0.5 (respectively 0.6) is in-
creased to 0.5+(respectively 0.6+), the value ncc1(0.5, 0.5+) (respectively ncc1(0.5,0.6+))
leads to assign the degree 0.5+ (respectively 0.6+) to <a2,x> (respectively <a2,y>) which
is over 0.4 (respectively 0.6) and formula (12b) holds as well.
If Reichenbach implication is used, the result of the division of r by s is:
ltðxÞ ¼ min)Rb0:7; 0:5)Rb0:4; 0:3)Rb1Þ ¼ 0:7
ltðyÞ ¼ minð1)Rb1; 0:5)Rb0:6; 0:3)Rb0:2Þ ¼ 0:76:
The Cartesian product of s and t with ncc2 returns the relation:
f0:7= < a1; x >; 0:4= < a2; x >; 0:76= < a1; y >; 0:52= < a2; y >; 0:2= < a3; y >g
which is strictly included in r. In addition, it is easy to check that relation t is maximal.
Last, let us use Lukasiewicz implication. The result of the division is:
ltðxÞ ¼ minð1)Lu0:7; 0:5)Lu0:4; 0:3)Lu1Þ ¼ 0:7
ltðyÞ ¼ minð1)Lu1; 0:5)Lu0:6; 0:3)Lu0:2Þ ¼ 0:9:
When performing the Cartesian product of s and t with the associated norm
>(a,b) = max(a + b1,0), one gets:
f0:7= < a1; x >; 0:2= < a2; x >; 0:9= < a1; y >; 0:4= < a2; y >; 0:2= < a3; y >g
which is strictly included in r. In addition, t is maximal and once again, formulas (12a) and
(12b) hold.
5. A cardinality-based approach to the division of fuzzy relations
If formula (10) is used as a basis for extending the division, the deﬁnition hereafter is
obtained:
ldivðr;s;A;BÞðxÞ ¼ cardðs \ KrðxÞÞ=cardðsÞ
¼
X
a2suppðsÞ
>ðlsðaÞ; lrða; xÞÞ=
X
a2suppðsÞ
lsðaÞ: ð19Þ
The question is once again to assess whether or not this view of the division of fuzzy rela-
tions delivers a quotient. We will see that this is not the case in general, whatever the type
of conjunction used for the Cartesian product, i.e., a norm or a non-commutative
conjunction.
Let us consider the extensions of the dividend and divisor relations r and s given here-
after:
r A X l
a1 x 0.4
a2 x 1
a3 x 1
s B l
a1 1
a2 1
a3 1
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assigned to x by the division is:
ð>mð0:4; 1Þ þ >mð1; 1Þ þ >mð1; 1ÞÞ=ð1þ 1þ 1Þ ¼ 0:8:
If the Cartesian product of s and t = {0.8/x} is performed with the same norm, one gets:
f0:8= < a1; x >; 0:8= < a2; x >; 0:8= < a3; x >g
which is not included in the dividend r.
Similarly, let us take the following extensions of the dividend and divisor relations r and
s:r A X l
a1 x 0.6
a2 x 0.1
a3 x 0.1
s B l
a1 1
a2 0.3
a3 0.3Using the norm ‘‘minimum’’ (which is the largest norm) in expression (19), the degree
assigned to x by the division is:
ðminð0:6; 1Þ þminð0:1; 0:3ÞÞ=ð1þ 0:3þ 0:3Þ ¼ 0:5:
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tive conjunction ncc1 (the one associated with Kleene–Dienes implication), one gets:
f0:5= < a1; x >g
which is included in the dividend r, but t = {0.5/x} is not maximal, since the product of s
and t 0 = {0.6/x} using ncc1 would give:
f0:6= < a1; x >g;
which is also included in r.
Finally, it appears that using triangular norms or non-commutative conjunctions to
perform the Cartesian product:
• the smallest Cartesian product of the divisor and the smallest result of a division may
lead to a relation which is not included in the dividend,
• the largest result of a division may not be maximal.
These two facts allow to conclude that this type of division does not comply with proper-
ties (12a) and (12b) which characterize a quotient.
Special case. When the divisor s is included (in the usual sense, i.e., according to for-
mula (13)) in Kr(x), the fuzzy set of values attached to a given x, the degree assigned to
x by formula (19) is 1 if the conjunction operator chosen is the minimum. In such a case,
whatever the norm used for the Cartesian product, formulas (12a) and (12b) hold. In
eﬀect, since 1 is a neutral element for any norm, one has:
lprodðs;tÞða; xÞ ¼ lsðaÞ 6 lrða; xÞ
and t is obviously maximal since lt(x) = 1. This is clearly no longer true either if a non-
commutative conjunction is used for the Cartesian product, or if a norm diﬀerent from
the minimum is taken for the division.
Example 5. Let us consider the following extensions of the dividend and divisor relations r
and s:r A X l
a1 x 1
a2 x 0.5
a3 x 0.8
s B l
a1 1
a2 0.1
a3 0.5
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is:
ðminð1; 1Þ þminð0:1; 0:5Þ þminð0:5; 0:8ÞÞ=ð1þ 0:1þ 0:5Þ ¼ 1
The Cartesian product of s and t = {1/x} with any norm leads to:
f1= < a1; x >; 0:1= < a2; x >; 0:5= < a3; x >g:
This relation is included in the dividend r and the result delivered by the division is obvi-
ously maximal. If a non-commutative conjunction is used for the Cartesian product, for
instance ncc1 or ncc2, one would get:
f1= < a1; x >; 1= < a2; x >; 1= < a3; x >g
which is not included in the dividend relation r.
On the contrary, if the norm chosen in expression (19) is the product (respectively
>(a,b) = max(a + b  1,0)), the degree assigned to x is:
ð1 
 1þ 0:1 
 0:5þ 0:5 
 0:8Þ=ð1þ 0:1þ 0:5Þ ¼ 1:45=1:6 	 0:91
ðrespectively ðmaxð1þ 1 1; 0Þ þmaxð0:1þ 0:5 1; 0Þ
þmaxð0:5þ 0:8 1; 0ÞÞ=ð1þ 0:1þ 0:5Þ ¼ 1:3=1:6 	 0:81Þ
The Cartesian product with the largest norm leads to {0.91/<a1,x>, 0.1/<a2,x>, 0.5/
<a3,x>} (respectively {0.81/<a1,x>, 0.1/<a2,x>, 0.5/<a3,x>}) which is included in the
dividend, but the result of the division is not maximal since, as pointed out before, the
Cartesian product of s and {1/<x>} is also included in the dividend.6. Semantic aspects of the division of fuzzy relations
The division of fuzzy relations constitutes an enrichment of database query languages
which, in addition, turns out to be sound from a theoretical point of view provided that
R-implications or S-implications are used. To illustrate the impact of the choice of a given
type of fuzzy implications, we will take into consideration an application context where
two relations come into play:
• the dividend describes candidates and their level in various skills,
• the divisor is a proﬁle made of skills as well.
The idea is that this system is addressed queries of the form:‘‘ﬁnd the candidates with a high level in all the skills of the proﬁle’’.Depending on the choice of an R-implication or an S-implication, the meaning of this
query will vary signiﬁcantly. With an R-implication, the levels of the skills in the proﬁle
play the role of thresholds (according to the meaning of R-implications mentioned in Sec-
tion 3). The proﬁle is seen as a prototype, i.e., the description of an employee with the min-
imal levels of skills to be completely satisfactory. Any actual candidate is penalized as soon
as he/she has (at least) one skill with a level under the objective appearing in the proto-
type. The choice of diﬀerent R-implications impacts the behavior of the system when
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the ordering between some R-implications:
ðp)G€oqÞ 6 ðp)GgqÞ 6 ðp)LuqÞ:
When an S-implication is used, the proﬁle accounts for the importance of each skill, or
alternatively, the extent to which a skill is considered more or less critical. As a conse-
quence any non-completely important skill will confer a guaranteed degree of satisfaction
whatever the level attained by the candidate. For the sake of convenience, but this is not
strictly mandatory with the deﬁnition (formula (8)) adopted in this paper, at least one of
the skills of the proﬁle must be completely important. Here again, the choice of the S-
implication may be done according to the ordering of some S-implications:
ðp)KDqÞ 6 ðp)RbqÞ 6 ðp)LuqÞ:Example 6. Let us consider the database with the fuzzy relations curriculum (c) and proﬁle
(p) whose respective schemas are C (candidate, skills) and P (skills) with the following
extensions:c Candidate Skills l
John A 1
John B 0.6
John C 0.4
Peter A 0.8
Peter B 1
p Skills l
A 1
B 0.8
C 0.2The division of c by p using Go¨del (respectively Goguen) implication returns {0.6/
John} (respectively {0.75/John}), whereas the use of Kleene–Dienes (respectively
Reichenbach) leads to {0.6/John, 0.8/Peter} (respectively {0.68/John, 0.8/Peter}). This
example illustrates the fact that a candidate which is eliminated with an R-implication
(here Peter does not possess at all skill C and he is discarded with the two considered
R-implications), can be the best one with an S-implication (Peter is only somewhat
penalized since competence C is not considered highly important in this context).7. Conclusion
The topic of this paper is the extension of the division to fuzzy relations. The key point
dealt with concerns the properties of the result delivered by diﬀerent approaches to the
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quotient or not, i.e., the largest fuzzy relation which, once composed with the divisor, does
not exceed the dividend. Such a property is a characteristic of the result of the division of
integers and justiﬁes the appropriateness of the term ‘‘division’’.
Starting with the deﬁnition of the division of regular relations which calls on an inclu-
sion, three main lines of extension are envisaged depending on the replacement of the
inclusion by a degree of inclusion based on: (i) an R-implication, (ii) an S-implication
or (iii) a ratio of cardinalities. It turns out that the ﬁrst two approaches constitute a sound
extension, because both implications (hereafter denoted by )f) can be expressed under a
residuated form of the type:
p)f q ¼ supfu 2 ½0; 1 j cnjðp; uÞ 6 qg
where cnj(a,b) is a conjunction operator generalizing the usual one. Such an expression
guarantees that the result of the division is both maximal and such that its product with
the divisor is included in the dividend. More precisely, when an R-implication is used for
the extended division, the Cartesian product serving for the characterization must be per-
formed with the triangular norm generating the R-implication. For S-implications, things
are somewhat similar, except that the Cartesian product has to be done with a speciﬁc con-
junction operator, called a non-commutative conjunction. In addition, this works only for
fuzzy implications generated by a continuous norm (or co-norm). The approach founded
on the use of a degree of inclusion expressing a ratio of cardinalities does not deliver a quo-
tient in general, whatever the norm used to compute the ratio on the one hand and the norm
or the non-commutative conjunction used for the Cartesian product on the other hand.
This work opens a number of perspectives. In particular, the division considered so far
can be called a non-fuzzy one since only the operand relations are fuzzy. An orthogonal
approach for extending the division would be to soften the universal quantiﬁer so as to
deﬁne a truly fuzzy division based on the fuzzy linguistic quantiﬁer ‘‘almost all’’ (in the
spirit of [8,13]). The question would then be to determine under which assumptions the
result returned by such an approximate division is a quotient.
The same type of question would arise if the operands of the division operation are no
longer relations, but multi-relations (i.e., relations containing duplicates), or even fuzzy
multi-relations.
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